In this paper, we investigate the problem of exponential stabilization criteria for a nonlinear system with mixed time-varying delays, including discrete interval and distributed time-varying delays. The time-varying delays are not necessarily differentiable. The exponential stabilization criteria of the nonlinear system are proposed via hybrid intermittent feedback control. Based on the improved Lyapunov-Krasovskii functionals with Leibniz-Newton's formula, Jensen's inequality and the reciprocal convex combination technique, the novel delay-dependent sufficient condition is derived in terms of linear matrix inequalities (LMIs). The obtained LMIs can be efficiently solved by standard convex optimization algorithms. A numerical example is given to demonstrate the effectiveness of the obtained result. Moreover, the results in this article generalize and improve the corresponding results of the recent works.
Introduction
Nonlinear systems, as an appealing topic, have been thoroughly studied during the past decades. Due to the fact that most systems are inherently nonlinear in nature, these systems are one of the most interesting areas for researchers, including engineers, physicists, mathematicians and other scientists. The exponential stability of nonlinear systems has been widely received and deeply investigated [-] , and the asymptotical stability of nonlinear systems has been investigated [-] as well. Time delay naturally appears in most of the real world systems. It is well known that the existence of time delay in a system may cause instability, poor performances and oscillations in, for instance, chemical engineering systems, biological modeling, electrical networks, physical networks and many natural sciences. Due to these results, the nonlinear system with time-varying delay has become an interesting topic in recent years; the authors have investigated interval time-varying delay [, , -, -], discrete time-varying delay [, , , ], mixed time-varying delays [-] and so on.
In practical control designs, due to failure modes, system uncertainty, or systems with various modes of operation, the simultaneous stabilization problem often has to be taken into account. The problem is concerned with designing control which can simultaneously stabilize a set of systems. Among the usual approaches, there are many studies on the stabilization problem of a nonlinear system being reported in the literature [-, , , , ]. In [] , the sufficient conditions for global asymptotic stabilization of nonlinear systems were given, and the corresponding feedback control laws were designed. Different controller design schemes have been proposed to construct feedback controllers, which make the closed-loop system dynamics converge to a fixed point or a periodic orbit. Recently, non-continuous control techniques, such as impulsive control [-] and intermittent control [, , , , , -], have attracted much attention. Some engineering researchers have widely focused their attention on intermittent control. Intermittent control is a feedback control method which not only shows some human control systems but also has applications in control engineering. In a periodically intermittent control, every control period consists of two parts: 'work time' for operative control and 'rest time' for inoperative control, which provides a spectrum of possibilities between the extremes of continuous-time and discrete-time control. Hence, intermittent control strategies are more economic and can simulate the real world situations better. Several nonlinear systems with intermittent control have been presented [, , , , , , ]. In [], the synchronization of chaotic systems was studied by the intermittent feedback method. By using periodically intermittent control and free-matrix-based integral inequality, the exponential stabilization of neural network switch time-varying delay was investigated in [] . In [], the exponential stabilization problem for a class of uncertain nonlinear systems with state delay was solved by periodically intermittent control. The problem of delayindependently periodically intermittent stabilization for a class of time delay systems was introduced in [] . In [] , the problem of exponential stabilization of systems with timevarying delay via periodically intermittent memory state-feedback control was studied by constructing a new Lyapunov-Krasovskii functional and employing the free-matrix-based integral inequality. In [] , the problems of stabilization and synchronization for a class of chaotic systems were discussed via intermittent control with non-fixed both control period and control width. Unfortunately, there have been few papers so far related to the topic of the exponential stabilization criteria of a nonlinear system with hybrid intermittent feedback control. This exponential stabilization of a nonlinear system remains an open problem and it has to be investigated more.
In order to solve the problem of exponential stabilization criteria for a nonlinear system with time-varying delay, most of researchers utilize the improved Lyapunov-Krasovskii functional combined with Newton-Leibniz formula [-, , -, , -, , , H ∞ control for a nonlinear system with interval time-varying delay was studied. The delay function is not necessary to be differentiable. Based on constructing new LyapunovKrasovskii functionals and using a new tighter bounding technique, the delay-dependent condition for this system has been established in terms of LMIs by using standard computational algorithms [] . Thus, in this study, we focus on the reciprocally convex combination in order to solve the problem of exponential stabilization criteria for a nonlin-ear system with mixed time-varying delays, composed of discrete interval and distributed time-varying delay.
Inspired by the aforementioned discussion, this is the first time that the exponential stabilization criteria for a nonlinear system with mixed time-varying delay via hybrid intermittent feedback control have been studied. The main contributions of this paper lie in the following aspects. Firstly, the time-varying delays are mixture of discrete and distributed time-varying delays in a nonlinear system and hybrid intermittent feedback control. The constraint on the derivative of the time-varying delays is not required. So, this allows the time delay to be a fast time-varying function, which is different from the time delays in [, , , , ]. Secondly, for the control method, the exponential stabilization criteria for nonlinear system are studied via hybrid intermittent feedback control, containing state term, interval time-varying delay term and distributed time-varying delay term. It is different from the control method in [, , , , , , ]. From the above discussions, this work is one of the first reports of such investigation to further develop the exponential stabilization criteria for a nonlinear system with mixed time-varying delays via hybrid intermittent feedback control. By constructing the set of improved Lyapunov-Krasovskii functionals with Leibniz-Newton's formula, Jensen's inequality, and the reciprocal convex combination technique, a new delay-dependent sufficient condition of exponential stabilization criteria is established in terms of linear matrix inequalities (LMIs). The obtained LMIs are efficiently solved by standard convex optimization algorithms. A numerical example is included to show the effectiveness of the proposed hybrid intermittent feedback control scheme.
The rest of the paper is organized as follows. Section  provides some nonlinear system and mathematical preliminaries. Section  presents exponential stabilization criteria for a nonlinear system with mixed time-varying delays via hybrid intermittent feedback control. A numerical example is given in Section . Finally, the conclusion is provided in Section .
Problem formulation and mathematic preliminaries
Let us consider the nonlinear system with mixed time-varying delays as follows:
T ∈ R n is the state vector; A, B and C are known real constant matrices; U(t) ∈ R m is the control input. Let x h := x(t -h(t)) and
The time-varying delay functions h(t), d(t), k  (t) and k  (t) satisfy the conditions
The initial condition function φ(t) denotes a continuous vector-valued initial function of
In order to stabilize the origin of nonlinear system (), we use the state feedback controller U(t) satisfying
where D i , i = , ,  are given matrices of appropriate dimensions, u(t) = Kx(t) and K is a constant matrix control gain, ω >  is the control period and δ >  is the control width (control duration) and n is a non-negative integer. Then, substituting it into nonlinear system (), it is easy to get the following:
x(s) ds
It is clear that if the zero solution of nonlinear system () is globally exponentially stable, the exponential stabilization of the controlled nonlinear system () is achieved.
The following lemmas and theorem are used in the proof of the main result.
Lemma  ([]) For any constant symmetric matrix
M ∈ R n×n , M = M T > ,  ≤ h  ≤ h(t) ≤ h  , t ≥ , and any differentiable vector function x(t) ∈ R n , we have (a) t t-h ẋ (s) ds T M t t-h ẋ (s) ds ≤ h  t t-h ẋ T (s)Mẋ(s) ds, (b) t-h  t-h(t)ẋ (s) ds T M t-h  t-h(t)ẋ (s) ds ≤ h(t) -h  t-h  t-h(t)ẋ T (s)Mẋ(s) ds ≤ (h  -h  ) t-h  t-h(t)ẋ T (s)Mẋ(s) ds.
Lemma  (Cauchy inequality, []) For any symmetric positive definite matrix N ∈ M
n×n and x, y ∈ R n , we have 
Lemma  (Schur complement, []) Given constant symmetric matrices X, Y , Z where
X = X T and  < Y = Y T , then X + Z T Y - Z <  if and only if X Z T Z -Y < , or -Y Z Z T X < . Theorem  (Lower bounds theorem, []) Let f  , f  , . . . , f N : R m → R havemin ρ i |ρ i >, i ρ i = i  ρ i f i (t) = i f i (t) + max g i,j (t) i =j g i,j (t) subject to g i,j (t) : R m → R, g j,i (t) = g i,j (t), f i (t) g i,j (t) g i,j (t) f j (t) .
Exponential stabilization of a delayed nonlinear system via hybrid intermittent feedback control
In this section, we present delay-dependent exponential stabilization analysis conditions for the nonlinear system with interval discrete and distributed time-varying delays via hybrid intermittent feedback control. Let us denote
Theorem  For some given scalar  < α < ε, nonlinear system () with time-varying delay satisfying () and under the intermittent controller () is exponentially stabilizable if there exist positive constant and symmetric positive definite matrices P > , 
and
where  = -. e -αh  + e -αh  R,
Moreover, the intermittent feedback control is
and the solution x(t, φ) satisfies
Proof Case I: For nω ≤ t ≤ nω + δ, let Y = P - and y(t) = Yx(t). Using the feedback control (), let us consider the following Lyapunov-Krasovskii functional:
where
It is easy to check that
By taking the derivatives of V  (t) along the trajectories of system (), we havė
By applying Lemma  and Lemma , we get
By utilizing condition () and Lemma , we obtain
therefore,
Next, by taking the derivative of V i , i = , , . . . , , , along the trajectories of system (), we have the following:
Applying Lemma  and the Leibniz-Newton formula, we get
Similarly,
we have the following inequality:
It follows that
as a result, we have
FromV  (t) andV  (t), applying Lemma  and the Leibniz-Newton formula, we get
and -e
By using the following identity relation:
multiplying by ẏ
u(s) ds

+ ẏ T (t)f t, x(t), x t -h(t) , t t-k  (t) x(s) ds, u(t) = . ()
Applying Lemma  and Lemma , we obtain
By utilizing condition () and Lemma , we have
Hence, according to ()-() and adding the zero items of ()-(), it follows thaṫ
where is defined as in () and
Applying Lemma , the inequalities N  <  and N  <  are equivalent to  <  and  < , respectively. Therefore, it follows from (), ()-() and () thaṫ
Thus, equation () can be reduced to the following form:
Case II: For nω + δ < t ≤ (n + )ω, we choose the Lyapunov-Krasovskii functional having the following form:
where V i (t), i = , , . . . ,  and  are defined similarly as in (). Using a method similar to that of Case I, we geṫ
where is defined as in () and
Applying Lemma , the inequalities (N  -εP) <  and N  <  are equivalent to  <  and  < , respectively. Therefore, it follows from (), ()-() and () thaṫ
From the above differential inequality (), we have
From () and (), it follows that
. . .
Case . For n  ω + δ < t ≤ (n  + )ω, using condition (), we get
Let ξ = e -(-αδ+(ε-α)(ω-δ)) , from () and () it follows that
Estimating V (x()), we get
We have obtained the following:
which implies that nonlinear system () is exponentially stable under controller (). This completes the proof.
Remark  In our main results, the exponential stabilization problems are considered for a class of nonlinear systems with non-differentiable time-varying delays, including interval time-varying delay and distributed time-varying delay. We construct the improved Lyapunov-Krasovskii functionals V (x(t)) as shown in (). The exponential stabilizability conditions are independent of the derivatives of the time-varying delays and then the methods used in [, , , , ] are not applicable to this system.
A numerical example
In this section, we present an example to show the effectiveness of the result in Theorem .
Example . In this example, the nonlinear systems with mixed time-varying delays proposed by [] can be described bẏ
Model () turns into the following model () with parameters:
and we give 
For the purpose of comparison, we also tested the method proposed in [] . Table  compares the feedback controller gains obtained from those two methods. The numerical simulation of nonlinear system () with time-varying delays h(t) = . + .| cos t|, k  (t) = .| sin t|, the initial condition φ(t) = [ cos(s), - cos(s)], ∀s ∈ [-., ] and without hybrid intermittent feedback control is represented in Figure  , which shows that system () is stable. Figure  shows the trajectories of x  (t) and x  (t) of nonlinear system () with time-varying delays d(t) = . + .| cos t|, k  (t) = .| sin t| and hybrid intermittent feedback control (). Furthermore, because of the lower bounds h  =  of the delay function, the method proposed in [] is not applicable in this case.
Remark  In Example ., we see that every state variable of nonlinear system () is stable without control. After applying controller (), all the state variables of nonlinear system () converge to . That shows the effectiveness of the controller.
Conclusion
In this paper, the exponential stabilization criterion of a nonlinear system with mixed time-varying delays via hybrid intermittent feedback control was investigated. The time- 
